We present pairwise emergent event horizons in a transition layer between type-I and type-II Weyl semimetals (WSMs). The Hawking temperature defined by a novel surface gravity at the horizon may be as high as several tens of Kelvin. On the type-II WSM side, i.e., inside the horizons, the motion of the quasiparticles may be chaotic after a critical surface where they are governed by an effective inverted oscillator potential induced by the mismatching of the positions between the type-I and type-II nodes. In a relevant lattice model, we calculate out of time ordered correlators (OTOCs) of the quasiparticles. Inside the horizons, the OTOCs may fast scramble with a quantum Lyapunov exponent, which confirms the quantum chaotic behavior. After the Ehrenfest time, the scrambling is saturated as expected. Additionally, we see an extra quantum chaos in the lattice model which can not be described by the effective theory at the Weyl nodes.
Introductions. Recent developments on the frontier of theoretical physics research have entangled the black hole horizon physics with quantum chaos [1] [2] [3] [4] [5] [6] [7] .
In condensed matter systems, the black hole analog had been pioneered by Unruh in transsonic fluid flow [8] . A quantum analog had been provided in Bose-Einstein condensation [9] , and a magnonic black hole was predicted [10] . The exotic emergent geometries (or gravities) have also been studied in Fermi surface [11] , fractional quantum Hall effects [12] [13] [14] [15] , graphene [16] , deformed crystal [17] , type-II Weyl semimetal (WSM) [18] [19] [20] [21] , and type-III Dirac semimetal [22] . Several systems may simulate the Hawking evaporation at a black hole event horizon [23, 24] . However, the chaotic behaviors at the horizon do not appear easily. For instance, for the trajectory of a moving particle outside of the horizon to be chaotic classically, there must be an external potential near the horizon [25] . The Lyapunov exponent is subject to a maximal chaotic bound, the surface gravity [1] . This bound is saturated for theories with AdS/CFT duality, such as the case in the Sachdev-Ye-Kitaev model [2] [3] [4] .
Volovik et al recently studied the emergent metric in the inhomogeneous WSM [18] [19] [20] . They found a general correspondence between the emergent vielbein e i µ and the effective Hamiltonian near a Weyl node K = (K x , K y , K z ), i.e.,
where µ = 0, i with i = x, y, z; q i = k i − K i ; and σ µ = (I, σ i ) are the identity and Pauli matrices. Here the Einstein's summation convention for repeated indices is used. The 'speed of light' v F (the Fermi velocity) , the electron band mass m b , and are set to be unity unless * These two authors contribute equally.
they are explicitly restored. The spectrum is given by
where the vector Q i ≡ e j i q j . The vielbein components e i µ together with e 0 0 = −1 and e 0 i = 0 define an emergent metric g µν = η αβ e µ α e ν β with the signature η µν = diag(−1, 1, 1, 1) [18] . The event horizon of this emergent geometry is determined by
Although the Weyl nodes with opposite chirality must emerge in pairs, the type of each node can be arbitrary [26, 27] . Volovik uses the Painlevé-Gullstrand metric which is spherically symmetric to study inhomogeneous WSM [19] . However, such a geometry is difficult to be realized in condensed matter materials.
Both type-I and type-II WSMs have been proposed and found [28] [29] [30] [31] [32] [33] [34] . In order to simulate an event horizon in a realizable geometry and study the chaos phenomena, we consider a type-I/type-II WSM transition layer where the type-I and type-II Weyl nodes nearly match (See Fig.  1(a) ). Within the transition layer, a black/white hole planar horizon emerges effectively at a given plane in the transition layer where |v| = 1. That is, the interpolation between the type-I and type-II WSM Hamiltonians. induces a columnar surface gravity. A fermionic shock wave and the Hawking evaporation are possible to be detected because the Hawking temperature may be as high as several tens of Kelvin.
In the effective Hamiltonian approach, we further find that when the Weyl nodes of the type-I and type-II do not completely match, the transition layer states inside and outside the horizon may be totally different: On the type-I WSM side, the transition layer state is described by the Landau levels of the WSM in an effective magnetic field. On the type-II side, after a characteristic plane, the transition layer state is governed by an effective inverted oscillator potential [35] . The latter is an intrinsic quan- tum open system in which there is quantum chaos [36] .
In order to verify the quantum chaotic motion of the quasiparticles in the transition layer, we study a lattice model which reduces to the effective chaotic model in the transition layer in the long wave length limit. We calculate out of time ordered correlators (OTOCs) of the quasiparticles which characterize the quantum chaotic behavior [1] [2] [3] [4] [5] [6] [7] 37] . For a proper hopping strength in the transition layer with a sufficient layer thickness, we find that for quasiparticles inside inside the horizon, the OTOC shows a fast scrambling over a very short time and a quantum Lyapunov exponent is obtained. The OTOC also saturates after the Ehrenfest time. These two properties of OTOC indicates the existence of quantum chaos inside the horizon [38] . Meanwhile, in the OTOCs for the quasiparticles in the bulk of the WSM or the outside of the horizon in the transition layer, such fast scrambling does not appear and thus no evidence for the chaotic motion is found. Furthermore, the OTOCs in the lattice model exhibit another kind of quantum chaotic states which do not have the counterpart in the effective Hamiltonian approach. Low energy effective model for transition layer. We consider that type-I and type-II WSMs couple as shown in Fig.1(a) . The transition layer is located between z = 0 and z = L. Assuming K I (K II ) is a Weyl node of the type-I (type-II) WSM in the regime z > L (z < 0), and |K I − K II | ≪ K 0 where K 0 is the distance between a pair of Weyl nodes in the bulk. The corresponding low energy effective Hamiltonian in the bulk of the type-I/II WSM is given by
where α I/II = (α x,I/II , 0, α z,I/II ) are parameters that tilt the Dirac cones. For the type-I WSM, |α I | = α 2 xI + α 2 zI < 1 and |α II | = α 2 xII + α 2 zII > 1 for the type-II WSM. We further assume |∆α| = |α II −α I | ≪ 1. The transition layer effective Hamiltonian can be approximated by a linear interpolation between H I and H II [39] 
where 0 ≤ z ≤ L. Defining q = k − K II and B i =
where "..." are high order terms including O(∆K · ∆α) etc. q z is replaced by −i∂ z and B x (B y ) can be thought as an effective magnetic field in the y(x)-direction. One can perform a gauge transformation to change −i∂ z +
Since |∆α| ≪ 1, α(z) is a slow varying vector function of z. |α(z h )| = 1 determines the critical surface with z = z h which separates the type-I and type-II WSM, where
Emergent geometry and horizon. To see the emergent geometry, we first consider B i = ∆Ki L = 0 for simplicity. The transition layer Hamiltonian (5) reduces to Eq. (1) with e x 0 = −α x (z), e z 0 = −α z (z), e y 0 = 0 and e i j = δ i j . Thus, v i = −α i (z) and |v| = |α(z)| = α 2
x + α 2 z . The effective geometry in the transition layer is described by the line element of the induced metric [18] 
Defining a new time by dτ = dt+ v(z)·dr 1−|v| 2 , the line element in the cylinder coordinate with a radius ρ = √ x 2 + z 2 reads
The property of the geometry defined by the metric (9) is dependent on the sign of α ρ = α · ρ/ρ. For α ρ > 0 (α ρ < 0), the geometry is black (white) hole-like [18] . The event horizon is determined by |v(z)| = |α(z)| = 1 which is exactly at the critical surface with z = z h . For illustration, we show the spectra and light cones with α z (z) = 0 in Fig. 1 (b) and (c).
Normally, for an isotropic metric, the surface gravity at the event horizon is defined by the normal derivative of the velocity component normal to the horizon. Here it is η z = ∂vz(z) ∂z | z=z h = − ∆αz L . For WSMs, it is often the case that ∆α z = 0 and then η z = 0. Because the nonzero value of the tangent vector v x (z) breaks the isotropy at the horizon, we can define a columnar surface gravity, which may characterize more interesting behaviors of the transition layer. This is defined by
The Hawking temperature of this emergent black hole horizon is defined by
The typical value of the Fermi velocity for WSM is v F ∼ 10 6 m/s. If the thickness of the transition layer L 10nm, T H 10 2 ∆α · α(z h ) K. If ∆α · α(z h ) ∼ 0.1, the Hawking temperature may arrive at several tens of Kelvin which are experimentally reachable. In principle, a Hawking evaporation may be observed by a thermal spectrum of the transition layer fermion when the layer are forming [19, 41] . Similar to the transsonic wave in the bosonic fluid [8, 42] , we have a fermion shock wave with a velocity v(z). If we consider α x (z) > α z (z), e.g., taking α z (z) = 0, we can detect this shock wave along the x-direction. Chaotic transition layer. To show the chaos, we return to 0 < ∆K i ≪ K 0 . From the effective theory perspective, we try to solve the Dirac equation
where H(z) is given by Eq. (5) and ψ T = (χ, ζ) is a twocomponent spinor. The spectrum is no longer as simple as Eq. (2). χ and ζ are coupled in Eq. (12) and we solve ζ = ζ[χ(z)]. Without loss of generality, we take q x = q y = 0. Because α(z) slowly varies, we neglect ∂ z α(z) term in ζ[χ(z)]. Then, the dominant part of χ's equation in the largez limit reads [40] for "..." terms in more details). When ω 2 > 0, Eq. (13) coincides with the Landau levels of a Weyl fermion. When z > z h , outside of the horizon, it happens. When |α| > 1 and |α z < 1| [43] , i.e., inside the horizon, it is possible that ω 2 < 0 after z < z c , a characteristic plane with z c ≤ z h (z c = z h if B y = 0). Eq. (13) becomes
where λ 2 L = (α 2 − 1)B 2 x + (α 2 z − 1)B 2 y > 0. λ L is also almost a constant and can be thought as the Lyapunov exponent. Eq. (13) describes an inverted oscillator [35] . This is an intrinsic quantum open system because there is no a normalizable solution if the system is fixed at a finite interval [36] . Coupling to the environment, say the y-direction and the bulk states, the transition layer state inside the characteristic plane z = z c is quantum chaotic [25, 44, 45] . Lattice model. In order to confirm the quantum chaotic behavior in the transition layer, we study a lattice model on a cubic lattice with a lattice spacing a = 1. The periodic boundary conditions in the x-y plane are implicated while the thickness in the z-direction is finite. We label the sizes of type-I/II WSMs and the transition layer as L I/II and L, respectively. We consider minimal models describing the type-I/II WSMs on a periodic cubic lattice with Hamiltonian H l I/II [46] H l I/II = d I/II,µ σ µ , 
Heret is the hopping strength. We introduce γ, which is a z-dependent parameter (see Eq. (17)), to fine tune the hopping strength in the z-direction. The Weyl nodes are located at K I/II = (K I/II x , K I/II y , 0). The lattice Hamiltonian we use here is given by
where n z is the lattice site index in the z-direction and ξ = nz−LII L . In the long wave length limit, the Hamiltonian in the transition layer reduces to the form of Eq. (4) up to a z-dependent function which leads to a line of Weyl nodes (see Sec. C in [40] ).
Taking K I = (0.54π, 0.46π, 0), K II = (0.5π, 0, 0), η II = 0.8t and considering a half filling lattice with L = L I = L II = 100, we sketch the Fermi arcs and pockets projected to the k x -k y plane, the colored regions in Fig. 2 . There are the Fermi arcs on the surfaces of WSMs and the Fermi pockets in the type-II WSM as expected. In the transition layer, there are Fermi arcs that connect the type-I Weyl nodes' images and the type-II Fermi Weyl ones with the same chirality. The Weyl nodes' lines slightly deviate from these Fermi arcs and the horizon is at ξ h ≈ 0.18 (see Sec. C in [40] ). According to the band structures of the lattice model (see Sec. B in [40] ), there is no Fermi pocket in the transition layer for γ I = γ II = γ T L = 1 (Fig. 2(a) ) while Fermi pockets emerge in the transition layer for γ I = γ II = 1 and γ T L = 0.7 (Fig. 2(b) ). Detailed information of typical zero energy wave functions in Fig. 2 are presented in Sec. D of [40] , including shapes and spatial distribution of the wave packets, and other numerical data.
OTOCs.
The quantum chaos could be measured by OTOCs [1] . We consider the simplest OTOC between the position and momentum operators in the z-direction [37] . In the semiclassical limit, this OTOC describes the dependence on the initial condition of the particle motion. On the lattice, these operators, e.g., are n z and the difference operatorP z which acts on a state |ψ k (n z ) where k = (k x , k y ) asP z |ψ k (n z ) = 1 2 (|ψ k (n z − 1) − |ψ k (n z + 1) ). Here we consider only quasiparticle |n = |n kF with excitation energy E n (k F ) and quasihole |m = |m kF with excitation energy E m (k F ) near the zero energy with a Fermi vector k F . Their k F -dependent OTOCs are defined by
where n z (t) andP z (t) are the time-dependent operators in Heisenberg's picture. The k F -distribution is given by Fig. 2 and we know which region in the real space the quasiparticle-quasihole pair with a given k F comes from in terms of the zero energy states with a given k F . For example, if k F is on the blue Fermi arcs in Fig. 2(b) , the particle-hole pair is from the surface of the type-I WSM while it comes from the inside of the horizon in the transition layer if k F is in the pink Fermi pockets. Several OTOCs of typical points of k F are plotted in Sec. D of [40] . The measurable OTOCs are the average of these k F -dependent OTOCs over a given region A in 
where N A is the number of k F in A.
In numerical calculations, we take T = 1/β =t/30 and truncate the state summation to twenty lowest energy quasiparticle and quasihole states. For the model with γ I = γ II = 1 and γ T L = 0.7, when A is the blue Fermi arcs (BA) or purple Fermi arcs (PA) in Fig.2(b) , which is on the surface of WSM, no fast exponential scrambling is detected. For example, C T,BA (t) is shown in Fig.  3 (a) and the scrambling is approximately linear. When A=the black circle (BC) in Fig. 2(b) , C T,BC (t) shows a clear fast scrambling within a short time and then slowly fluctuates along a saturated value (See Fig. 3(b) ). The quantum chaos signal is seen with a quantum Lyapunov exponent λ QL = 0.0699 according to an exponential fitting ∼ e 2λQLt . In the long wave length limit, the lattice Hamiltonian in this region is basically of the form of the effective Hamiltonian (4). The chaotic states spread to inside of the horizon, including both the bulk of type-II WSM and the transition layer (See Sec. C in [40] ). The Ehrenfest time T E , after which the wave function spreads over the whole black/white hole, can be read out: The OTOC saturates after T E ≈ 170-180 L + L II = 200 instead of growing everlastingly in the classical chaos. This shows a possible distinction between the quantum chaos and the classical one [38] . Furthermore, for the pink pocket (PP) in Fig. 2(b) , as seen in Fig. 3(c) , C T,P P (t) gives another quantum chaos signal with λ QL = 0.0797. This quantum chaos does not have an effective model explanation. The corresponding chaotic states are confined within the transition layer inside the horizon, instead of spreading into the bulk of type-II WSM (See C in [40] ). The corresponding Ehrenfest time is reduced to T E ≈ 70 < L = 100. The OTOCs for the other regions in Fig. 2 do not give clear chaos signals (See C in [40] ). Fig. 3(d) is the OTOC after averaging over all zero energy states in Fig. 2 . The fast scrambling is still seen with λ QL = 0.0583 and T E ≈ 150.
For the model with γ I = γ II = γ T L = 1, no fast scrambling appears in Eq. (18) for any given k F in Fig.  2(a) due to the lacking of the black circle or the pink regions zero energy states. However, the high energy quantum chaos may exist but this is not the goal for us to probe in this work.
We have seen that the appearance of the fast scrambling is dependent on the hopping strength in the transition layer. Another parameter that affects the fast scrambling is the thickness L of the transition layer. As L decreases, the chaoticity of the quantum states inside the horizon is reduced (see Sec. E in [40] ) and so is λ QL [47] .
Conclusions.
We pointed out that there are emergent black/white event horizons in the transition layer between type-I and type-II WSMs. We found a novel surface gravity on the event horizon and the corresponding Hawking temperature may be measurable. When the Weyl nodes of type-I and type-II mismatch, the quasiparticles moving inside the horizon may be quantum chaotic. We confirm this quantum chaotic behavior in a lattice model by calculating the OTOCs of the system. Two diagnostic quantities, the quantum Lyapunov exponent and the Ehrenfest time, which characterize the quantum chaos, were determined. 
